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(b) 


Applying the symmetry argument analogous to the one 
used in Exercise 1, we find that x = 0. The typical 
vertical strip has the same parameters as in part (a). 

Thus, M x = f y dm = J_ 3 § (9 - x 2 ) dx 
= 2£ § (9 - x 2 ) dx = 2(95) = 185; 

M = / dm = f 6 dA — 6 /dA 
= ¿(Area of a semi-circle of radius 3) = ¿ (y) = ^ . 
as in part (a) => (x, y) = (0, is the center of mass. 



11. Since the píate is symmetric about the line x = y and its 
density is constant, the distribution of mass is symmetric 
about this line. This means that x = y. The typical vertical 
strip has 

center of mass: (x ,y ) = (/. 3 + / 9 ~ x ~ ^ ; 

length: 3 — \¡ 9 — x 2 , width: dx, 
area: dA = ^3 — \¡9 — x 2 ^ dx, 

mass: dm = 6 dA = ¿ (3 — \J9 — x 2 ) dx. 


y 



The moment about the x-axis is 

y dm = S dx = | [9 - (9 - x ! )] dx = ^ 

equals the area of a square with side length 3 minus one quarter the area of a disk with radius 3 => A = 3 2 - / 


dx. Thus, M x = 


Í 

Jo 


¿X 2 


dx = § [x 3 


= I (4 - 7T) =i 

center of mass. 


M = ¿A = f (4 - tt). Therefore, y = ^ = (f) 


95(4 — 7r) 


2 

4 — 7T 


0 = y . The area 

2 _ 7[9 

2 2 


(x,y)= ( 4 ^, 4 ^) is the 


12. Applying the symmetry argument analogous to the one used 
in Exercise 1, we find that y = 0. The typical vertical strip 


has center of mass: (x , y ) = ^x, ^ 2 * 1 = (x, 0), 

length: / — (— i) = 3,, width: dx, area: dA = 3¡- dx, 
mass: dm = ¿ dA = 3f dx. The moment about the y-axis is 

x dm = x - §f dx = § dx. Thus, M v = fx dm = § dx 

X X ■> J «_/ ( X 



_ M v 


My _ 

" 25(a — 1)' 


a 2 

. 2a 

M — 

a 


6 (a 2 — 1) 

a + 1 


= JTT => (x,y) = (^ 1 , 0 ) . Also, lim x = 2. 


13. M x = fy dm = J~ Q ■ 6 • (|) dx 

= (?) (* 2 ) (?) ^ = £ § dx = 2^ x- 2 dx 

= 2 [—x _1 ] 1 = 2 [(— 5) — (—1)] =2(i) = l; 

M y = / x dm = 5¡ x • ¿ • (3y) dx 
= / 1 2x ( x2 )(?)dx = 2/ i 2 xdx = 2[f]' 



= 2(2-|) = 4-1=3; M = Jdm = 6 (£) dx = f~x 2 (|) dx = 2/ dx = 2[x] 2 = 2(2- 1) = 2. So 

x = ^ = | and y = ^ = 1 => (x, y) = (|, 1) is the center of mass. 
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14. We use the vertical strip approach: 

M x = J y 1 dm = £^£^(x-x 2 )-ódx 
= i/ o ‘(x 2 -x 4 ) • 12x dx 
= 6/ 0 '(x»-x*) dx = 6[í-f]‘ 

= 6(l-l) = t-' = |; 

M y = Jxdm= £'x (x - x 2 ) • 5 dx = £\x 2 - x 3 ) • 12x dx = 12 £\x 3 - x 4 ) dx = 12 £ - £ * = 12 (± - i) 

= Ü == l ;M = / dm= fot*--* 2 ) • ¿ dx = 12j o '(x 2 - x 3 ) dx = 12 [f - ^ = 12(i - i) = {§ = 1. So 

x = xJ = | and y = ^ = i =>• (|, i) is the center of mass. 



15. (a) We use the shell method: V = £ 2 n ( r ^ s ) (height) dx = Si 27rx ^ ~ ^x) = ^ 7r f¡ £ dx 

= 16tt JV/ 2 dx = 16 tt [| x 3 / 2 ] * = 16 tt (| • 8 - f) = ^ (8 - 1) = ^ 

(b) Since the píate is symmetric about the x-axis and its density <5(x) = 1 is a function of x alone, the distribution of its 
mass is symmetric about the x-axis. This means that y = 0. We use the vertical strip approach to find x: 

M y = /3cdm = / i 4 x-[^-(-^)] .édx=/ i 4 x.-5=.idx = 8/Vi/ 2 dx = 8 [2x 4 / 2 ] \ = 8(2 - 2 - 2) = 16; 

M = /dm = £[£ ~ (^)] ' S dx = 8/;(^) (i) dx = sjV 3 / 2 dx = 8 [-2 X -V 2 ] J = 8[-l - (-2)] = 8. 

So x = ^ = y = 2 =>■ (x, y) = (2,0) is the center of mass. 



16. (a) We use the disk method: V = £ 7tR 2 (x) dx = £ 7r (4) dx = 47r £ x 2 dx = 4-7T [— i] ^ = 47r [y- — (—1)] 

= 7r[—1 + 4] = 37T 

(b) We model the distribution of mass with vertical strips: M x = fy dm = £ - ( 2 ) • S dx = £ 2 ¡ - \fx dx 

= 2/V 3 / 2 dx = 2 £ j = 2[—1 - (-2)] = 2; M y = £ x dm = £x ■ \ ■ 6 dx = 2/V/ 2 dx = 2 ^ j = 

2 [f - f] = f ; M = J dm = £S ■ 6 dx = 2 J^ir dx = 2 /V 1 / 2 dx = 2 [2x 4 / 2 ] J = 2(4 - 2) = 4. So 
x = ^ ^ = 5 and y = = \ = \ => (x,y) = (|, \) is the center of mass. 
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0 12 4 


17. The mass of a horizontal strip is dm = 6 dA = <5L dy, where L is the width of the triangle at a distance of y above 
its base on the x-axis as shown in the figure in the text. Also, by similar triangles we have j= = 

=► L = l (h - y). Thus, M x = / y dm = £ ó y (£) (h - y) dy = f £(hy - y 2 ) dy = f [&- - ¿] * 

= f (|-y)=^h 2 (i-i) = ^;M = /dm=/>(^)(h- y )dy=f/ o h (h-y) dy = f [hy - ¿] ¡ 

= ^ (h 2 — = ^ . So y = ^ = (^) = | => the center of mass lies above the base of the 

triangle one-third of the way toward the opposite vertex. Similarly the other two sides of the triangle can be 
placed on the x-axis and the same results will occur. Therefore the centroid does lie at the intersection of the 
medians, as claimed. 

18. From the symmetry about the y-axis it follows that x — 0. 

It also follows that the Une through the points (0,0) and 
(0, 3) is a median =>■ y = | (3 — 0) = 1 =>■ (x, y) = (0,1) 


19. From the symmetry about the Une x = y it follows that 

x = y. It also follows that the Une through the points (0, 0) 
and (i, i) is a median => y = x= |-(| — 0) = | 

=> (x,y) = (|, \) ■ 

20. From the symmetry about the Une x = y it follows that 

x = y. It also follows that the Une through the point (0,0) 
and (|, |) is a median => y = x = | (| — 0) = | a 

=> (x,y) = (f, f) • 

21. The point of intersection of the median from the vertex (0, b) 
to the opposite side has coordinates (0, f) 

=> y = (b — 0) - j j and x=(| — 0)-| = | 

=> (x,y) = (f, |) • 

22. From the symmetry about the Une x = | it follows that 
x — |. It also follows that the Une through the points 

(f, 0) and (|, b) isa median => y=l(b — 0)=| 

=> (x,y)= (§,!). 




(O,a) 

( 0 , 0 ) 

(a,0) 




( 1 , 0 ) 


( 0 , 3 ) 
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23. y = x 1 / 2 => dy = \ x^ 1 / 2 dx 

=> ds = y/ (dx) 2 + (dy) 2 = J 1 + ¿ dx; 


M x = 6 


= Ó J o V X - 


^v 1 + ¿ dx 

4dx=f [(x+I) a 


-( 2 + i)>«_(i)W 

;(!)’ ,! -(!) 3/2 ] = f(¥-l) = 


24. y = x 3 =>■ dy = 3x 2 dx 

=> dx = \J (dx) 2 + (3x 2 dx) 2 = y/l 

M x = ój g x 3 y /1 + 9x 4 dx; 

[u = 1 + 9x 4 => du = 36x 3 dx =>■ 
x = 0 => u = 1, x = 1 => u = 10] 


i du = x 3 dx; 


«r¿„ 1 /Sd "=é[!" 3/í ]!° = é(«> 3 /í -i) 



25. From Example 4 we have M x = a(a sin 9)(k sin 9) d 9 = a 2 k J g sin 2 9 d9 — ^ J g (1 — eos 29) d 9 = ^ [9 — ^ 

= ; M y = J g a(a eos 0)(k sin 9) d 9 = a 2 k J g sin 9 eos 9 d9 — ^ [sin 2 6] q = 0; M = f g ak sin 9 d9 = ak[— eos 9% 

— 2ak. Therefore, x = ^ = 0 and y = ^ (^) = => (0, is the center of mass. 


26. M x = /y dm — f g (a sin 9) ■ ó ■ a d9 

— J g (a 2 sin 9) (1 + k ¡eos 6\) dO 

— a 2 J g (sin 9)(1 + k eos 9) d9 
+ a 2 J (sin 0)(1 — k eos 9) d 9 

= a 2 f sin 9 d9 + a 2 k f sin 9 eos 9 d9 + a 2 f sin 9 d9 — a 2 k f sin 9 eos 9 d 9 

Jo Jo Jx/2 J tt/2 

= a 2 [— eos í?]]/ 2 + a 2 k[ 5!! ^ ^ + a 2 [— eos 9Y— a 2 k 

L 2 i 0 ' n ' ¿ L 2 J tt/2 

= a 2 [0 - (-1)] + a 2 k (i - 0) + a 2 [—(—1) - 0] - a 2 k (0 - |) = a 2 + ^ + a 2 + = 2a 2 + a 2 k = a 2 (2 + k); 

M y = f x dm = J (a eos 9) ■ 6 ■ a d9 — J g (a 2 eos 9) (1 + k |cos 9\) d 9 
= a 2 J g (eos 9)( 1 + k eos 9) d 9 + a 2 J* (eos 9)( 1 — k eos 9) d 9 

= a 2 f 2 eos 9 dé» + a 2 k / ( 1+c ° s29 ) d9 + a 2 f eos 9 dé» - a 2 k £ ,( 1+c 2 os2e ) dé» 

0 Q X / 2 X / 2 

= a 2 isin < 2 + f [0 + ^] f + a 2 [sin 0]; /2 - f [0 + \ ¡2 

= a 2 (l - 0) + f [(| - 0) - (0 + 0)] + a 2 (0 - 1) - f [(tt + 0) - (f + 0)] = a 2 + ^ - a 2 - ^ = 0; 

M = J'g ó ■ a d9 = aj g (1 + k |cos 9\) d9 = a J g (1 + k eos 9) dd + aj (1 — k eos 9) d 9 

— a[9 + k sin 9 ][/ 2 + a[9 - k sin 0]^ 2 = a [(| + k) - 0] + a [(7r + 0) — (§ - k)] 

= ¥ +ak + a(¡+k) =a^ + 2ak = a(7r + 2k). So x = £ = 0 and y = & = = ffW 

=$■ (0, 2a y 2 k k a ) is the center of mass. 
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27. f(x) = x + 6 , g(x) = x 2 , f(x) = g(x) + x + 6 = x 2 
=> x 2 — x — 6 = 0 + x = 3, x = —2; 6 = 1 

M = J 2 [(x + 6 ) - x 2 ]dx = [|x 2 + 6 x — |x 3 ]' 

= (1 + 18 9) (2 ^ 12+ f) = 


l 3 

-2 


125 

6 



x = 15576 L x K x + 6 ) - x2 ] dx = m fj* 2 + 6x - x3 ] dx 

= t |[| x3 + 3 x2 ^ x4 ]- 2 

= 11(9 + 27-^) - é(~l + I 2 - 4 ) = b 7= IW 6 /_ 3 J[( x + 6 ) 2 -(x 2 ) 

= t |[Í x 3 + 6 x 2 + 36x-Ix 5 ] 3 _ 2 = ¿(9 + 54+ 108 -^-¿(-§+24-72+1) =4 
=>• Q,4) is the center of mass. 


dx = 


Jjx 2 + 12x + 36 — x 4 ]dx 



- A 1+ _ i x 7 _ 1 y 6 - ix 5 l 1 - A (4 - I 
17 A x 7 X 3 X 5 X Jo 17 7 


1 1 1 


) — 0 = m + (||, III) is the center of mass. 


29. f(x) = x 2 , g(x) = x 2 (x - 1), f(x) = g(x) + x 2 = x 2 (x - 1) 
=> x 3 - 2 x 2 = 0 => x = 0 , x = 2 ; 6 = 1 

M = fjx 2 - x 2 (x - l)]dx = J 0 "[2x 2 - x 3 ]dx 

= [! x 3 -K]o = (f- 4 )-o = ^ 

x = 473 JoV - x2 ( x - l)] dx = !/ 0 V 3 - x 4 ]dx 

l2 = l( 8 -f)-o = |; 

f 2 . r . o . -ii , r 2 


4/3. 

- 3 M 4 _ 1 51 

— 4 L 2 x 5 a Jo 



y=éf.¡ [< x2 > 2 - < x + - ‘» 2 ] dx = 1J> ! - = i [A - = !(?»¥)-» = ? 

=> (|, |) is the center of mass. 


30. f(x) = 2 + sinx, g(x) = 0, x = 0, x = 27r; ó = 1; 

n2n 9 

M — J g [2 + sinxjdx = [ 2 x — cosx]q 
= ( 47 r- 1 ) - ( 0 - 1 ) = 47 t 

f2.1T f2lT 

x= 47Jo x[2 + sinx-0]dx= +J o [2x + xsinx]dx 

r* 2n n27v 

¿Jo 2xdx +¿Jo xsinxdx 


1 r 2i^ 7r 1 1 r • i2tt 

— v L sin x — x cos x Jo 



= ¿(42r 2 )-0+¿(0-27r)-0=4^;y = \ (2 + sinx) 2 - (O) 2 ]dx = ±f g [4 + 4sinx + sin 2 x]dx 

p2n r*2ir r* 2ír í*2tt 

= ¿J o [4 + 4sinx]dx+¿J o [sin 2 x]dx = ¿ J 0 [4 + 4 sinxjdx + ¿ J g [“í]dx 

= [4x — 4cos x + Jq^ + 4 dx “f<bJo c °s2xdx [u = 2x + du = 2dx, x = 0 + u = 0, x = 27 t + u = 47 t] 
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¿ [4x - 4cos x]* + é Wo" - áSF Jo cos u du = ¿ í 4x “ 4cos x ]o" + ñb M 


1 r • 1 47T 

32^[ SlnU lo 


= ¿( 87r - 4 ) - ¿(° - 4 ) + m( 2n ) - 0 - 0 = í => (V. 1) is the center of mass - 


31. Consider the curve as an infinite number of line segments joined together. From the derivation of are length we have that 
the length of a particular segment is ds = \J (dx) 2 + (dy) 2 . This implies that M x = f óy ds, M y = J óx ds and 
M = J 6 ds. If is constant, then x = ^ = k * ds = and y = ^ ^ yds — Jjüt 

J ds enp 


length 


I ds 


length 


32. Applying the symmetry argument analogous to the one used in Exercise 1, we find that x = 0. The typical vertical strip 


has center of mass: (x , y ) = x, 


, length: a — width: dx, area: dA = 


(*-«)*• 


mass: dm = 6 dA 


í (a - £) <lx. Thus, M. = fy dm = f ¡ (a+ ¿) (a - ¿) S dx = |/j 2 j!(a 2 - 4>) dx 

VS „ .‘IV f (2,. ví ¡-WÍ) = 2,. )ví ¡( l J )=2 íí ví ¡(>M ) 


80p 2 


-2^/pi 


= 2 • - 

Z 2 


80p 2 


2^/pi 

0 


''íy'pa 


\ 

„3 

2 \/i» r 

j dx = 8 

aX _ 12^ 

= 2-6 

-2y/V¿ 


ax 


12p 


2\/p^ 


(2a^i - = 4aé^3 (l - ^) = 4a«S^i (^) = 8a ^ i . S o y 


= 26 
= | a, as claimed. 


Mx 

M 


/ 8a 2 ¿ v /pa N 

V s y V 8a¿ \/iA 


33. The centroid of the square is located at (2,2). The volume is V = (27 t) (y) (A) = (27r)(2)(8) = 327 t and the surface area is 

S = (2n) (y) (L) = (27r)(2) ^4^/8^ = 2)2\¡~2'k (where \f% is the length of a side). 

34. The midpoint of the hypotenuse of the triangle is (1,3) 

=>■ y = 2x is an equation of the median => the line 
y = 2x contains the centroid. The point (|, 3) is 

3 A 

-3^ units from the origin =>• the x-coordinate of the 

centroid solves the equation ^/( x — f) + (2x — 3) 2 

= ^ =► (x 2 - 3x + \) + (4x 2 - 12x + 9) = | 

=» 5x 2 - 15x + 9 = -1 

=> x 2 — 3x + 2 = (x — 2)(x — 1) — 0 => x = 1 since the centroid must lie inside the triangle =>■ y = 2. By the 

Theorem of Pappus, the volume is V = (distance traveled by the centroid)(area of the región) = 2-7T (5 — x) [1 (3)(6)] 

= (2tt)(4)(9) = 72tt 

35. The centroid is located at (2,0) => V = (27r) (x) (A) = (27r)(2)(7r) = 47r 2 



36. We create the cone by revolving the triangle with vértices 
(0,0), (h, r) and (h, 0) about the x-axis (see the accompanying 
figure). Thus, the cone has height h and base radius r. By 
Theorem of Pappus, the lateral surface area swept out by the 
hypotenuse L is given by S = 27ryL = 27T (A \/h 2 + r 2 
= nV sJx 1 I IT. To calcúlate the volume we need the position 
of the centroid of the triangle. From the diagram we see that 

the centroid lies on the line y = ^ x. The x-coordinate of the centroid solves the equation J (x — h) 2 + (^ x — |) 
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= 0 => x = f or $ => x==r, since the centroid must lie 


= ?V^ + Í =* (^)x 2 -(^) X +^ + ^±^=0 => x=f orf =¡> X=f 

inside the triangle => y = ^ x = |. By the Theorem of Pappus, V = [27r (()] (i hr) = 17rr 2 h. 


37. S = 27ry L =í> 47ra 2 = (27ry) (7ra) => y = =f, and by symmetry x = 0 

38. S = 27rpL =>■ [27r (a — ^)] (7ra) = 27ra 2 (7r — 2) 

39. V = 27ryA => 17rab 2 = (27ry) => y = and by symmetry x = 0 


40. V = 2npA => V= [27r(a+£)] (f) 


7ra 3 (37r + 4) 
3 


41. V = 2np A = (27r)(area of the región) • (distance from the centroid to the line y = x — a). We must find the distance from 

(0, to y — x — a. The line containing the centroid and perpendicular to y = x — a has slope —1 and contains the point 
(0, |^) . This line is y = — x + The intersection of y = x — a and y = — x + is the point ( 4a ¿ 7r 3a7r , 4a ) . Thus, 

the distance from the centroid to the line y = x — a is \J ( 4a ^ <m -)" + (fü ~ = '^ (4 ^ 3an ' > 

y _ (2n) ^ y7(4a + 3a7r) ^7ra^ — y/2 7ra 3 (4 + 37r) 

42. The line perpendicular to y = x — a and passing through the centroid (0, —) has equation y = —x + 1 \ The intersection 
of the two perpendicular lines occurs when x — a = —x + ^ =>■ x = 2a 2 [ r a7r => y = 3a ^ r a7r . Thus the distance from the 

centroid to the line y = x — a is \J ( 2a + 7ra — o) 2 + ( 2a ~ 7ra — y)" = . Therefore, by the Theorem of Pappus the 

surface area is S = 27 t a(2 ¿' r> (7ra) = \/27ra 2 (2 + 7r). 

y 2-k J 

43. If we revolve the región about the y-axis: r = a, h = b =>- A = ^ab, V = -[tt a 2 b, and p — x. By the Theorem of Pappus: 

j7ra 2 b = 27 tx (^ab) => x = If we revolve the región about the x-axis: r = b, h = a=>A = ^ab, V = j7rb 2 a, and 
p = y. By the Theorem of Pappus: j7r b 2 a = 2ny (|ab) =4> y = | => (|, |) is the center of mass. 

44. Let 0(0, 0), P(a, c), and Q(a, b) be the vértices of the given triangle. If we revolve the región about the x-axis: Let R be 
the point R(a, 0). The volume is given by the volume of the outer cone, radius = RP = c, minus the volume of the inner 
cone, radius = RQ = b, thus V = -[tt c 2 a — -[tt b 2 a = -[tt a(c 2 — b 2 ), the area is given by the area of triangle OPR minus 
area of triangle OQR, A = ^ac — -[ab = |a(c — b), and p — y. By the Theorem of Pappus: (tt a(c 2 — b 2 ) 

— 2ny 2 a(c — b) =>■ y = If we revolve the región about the y-axis: Let S and T be the points S(0, c) and T(0, b), 

respectively. Then the volume is the volume of the cylinder with radius OR = a and height RP = c, minus the sum of the 
volumes of the cone with radius = SP = a and height = OS = c and the portion of the cylinder with height = OT = b and 
radius = TQ = a with a cone of height = OT = b and radius = TQ = a removed. Thus 

V = 7r a 2 c — j7r a 2 c + (7T a 2 b — ^tt a 2 b) = |7r a 2 c — |7r a 2 b = |7r a 2 (a — b). The area of the triangle is the same as 
before, A = |ac — -[ab = ^a(c — b), and p = x. By the Theorem of Pappus: |7T a 2 (a — b) = 27rx |a(c — b) 

=>* = =* {w^T’ *2*) is the center of mass - 
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CHAPTER 6 PRACTICE EXERCISES 


1. A(x) = | (diameter) 2 = f (yx - x 2 ) 2 
= | (x - 2-y/x • x 2 + x 4 ) ; a = 0, b = 1 

=> V = £a(x) dx = f £ (x - 2x 5 / 2 + x 4 ) dx 

_ ZE IV _ 4 7/2 , ¿1 1 _ 7T /I _ 4 , 1\ 

4 L 2 V X + 5 J 0 4 \2 7 + 5Í 

= ^(35 -40+ 14)=|l 

2. A(x) = i (side) 2 (sin f) = ^ (2y^ - x) 2 
= ^ (4x - 4xy6( + x 2 ) ; a = 0, b = 4 

=S> V = £ A(x) dx = ^ £(4x - 4x 3 / 2 + x 2 ) dx 
= f [2x 2 -¡xV 2 + f]^f (32-if + f) 
= ^ (1 - | + |) = (I 5 - 24 + 10) = ^ 

3. A(x) = | (diameter) 2 = | (2 sin x — 2 eos x) 2 
= | • 4 (sin 2 x — 2 sin x eos x + eos 2 x) 

= tt( 1 — sin 2x); a = f ,b= f 

r»b r»57r/4 

=> V = I A(x) dx = 7 r I (1 — sin 2x) dx 

Ja J7r/4 

= 7r[x+ ^]W 4 


Y 5tt , eos ^ \ 


( 7T COS | V 

K 4 + 2 ) 


\ 4 2 JJ 




4 . A(x) = (edge) 2 = 


((x/á-Af 


0 = 


Y^xj = 36 - 24 a/ó a/x + 36x — 4^6x 3 / 2 + x 2 ; 


a = 0, b = 6 => V = 


y = f a A(x) dx = J o ^36 - 24^6 ^/x + 36x - 4 v / 6x 3 / 2 + x 2 ^ dx 


6 


36x - 24 a/ó - | x 3 / 2 + 18x 2 - 4\fl ■ \ x 5 / 2 + 4 = 216 - 16 • y/ó • 6 + 18 • 6 2 - f y/ó y/ó • ó 2 + f 


= 216 - 576 + 648 - + 72 = 360 - = 


3 J0 
1800- 1728 _ 72 
5 — 5 


5. A(x) = ^ (diameter) 2 = 


- /) = 5 ( 4x - x5/2 + fg) ; a = 0, b = 4 =>■ V = £ A(x) dx 


d'( 


4x - x 5 / 2 + y¡) ) dx = 


¡) 


2x 2 


2 7/2 , x 5 


5-16 


= | (32 - 32 - f + | • 32) 


= ^(1 -! + §) = § (35 - 40 + 14) = ir 


6 . 


A(x) = i (edge) 2 sin (f) = ^ [2yx - 
= ^ (4 /x) 2 = 4 1/3 x; a = 0, b = 1 
=> V = A(x) dx = J 4 v/3 x dx = 


H^)] 2 

ívm: 


= 2^3 
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(b) shell method: 


V = /> (^ti) (htTgh.) dx = /> x (3x 4 ) dx = 2 tt • dx = 2 tt • 3 [{ 


*\o = ir 


Note: The lower limit of integration is 0 rather than — 1. 
(c) shell method,'. 


V = /> ( r ^“) ( h ^ t ) dx = 2nfjl - x) (3x4) dx = 27r [^ _ ^ = 27r [(3 1)] 


12t r 
5 


(d) washer method: 

R(x) = 3, r(x) = 3 - 3x 4 = 3 (1 - x 4 ) +> V = £n [R 2 (x) - r 2 (x)] dx = £n 9-9(1- x 4 ) 2 dx 
= 9 t r J jl - (1 - 2x 4 + x 8 )] dx = 9n £(2x 4 - x 8 ) dx = 9 tt ^ f ] 1 ^ = 1 8 tt [§ - i] = ^ ^ 


8. (a) washer method: 

R(x) = 4 , r(x) = i => V = />[R 2 (x) - r 2 (x)] dx = £n [(¿) 2 - (i) 2 ] dx = tt [- f x~* - |] 2 
= ^ [(^f ~ D - (- T - ?)] = ^ (- th - I + f + ?) = 55 (" 2 - 10 + 64 + 5) = ^ 

(b) shell method: 

V = 27r /, x (f - I ) dx = 27r [* 4x_1 ^ 7 ] , = 27r [(- I - 0 - (- 4 - ?)] = 27r (!) = 7 

(c) shell method: 

V = (híght) dx = -r(2 - X ) (¿ I ) dx = 2 ^X 2 (? - 7 - 1 + §) dx 

= 27r [~ + + x~ x +T 1 = 27r [(-! + 2 - 2 + 1) - (-4 + 4 - 1 + j)] = ^ 

(d) washer method: 

V = J a b 7r[R 2 (x) - r 2 (x)] dx 

= 7r /, [(I) 2 - ( 4 - ?) 2 ] dx 

= ^ - 16t r £( 1 - 2x~ 3 + x- 6 ) dx 
= ^ - 16 tt [x + X- 2 - ^ 

= 4 r-16,[(2+i- 5 i 5 )Í(l + l-I)] 

= ^-^( 1 -^ + 1 ) 

_ 497r 1Ó7T /an i i _ 497r 7l7r 1037T 

— 4 160 1 — 4 10 — 20 

9. (a) method: 

V = 7T f ( y/x — l) dx = 7r f (X - 1) dx = 7T tt — X 

= -[(f-5)-ü-l)]=Af-4)=8. 

(b) washer method: 

R(y) = 5, r(y) = y 2 + 1 =► V = £ tt [R 2 (y) - r 2 (y)] dy = tt £ ¡25 - (y 2 + l) 2 ] dy 

= 7r £(25 - y 4 - 2y 2 - 1) dy = tt /j24 - y 4 - 2y 2 ) dy = tt ¡24y - ¿ ¡ y 8 ] 2 ^ = 2^ (24 • 2 - f - | • 8) 
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= 32?r (3 f §) = tj- (45 — 6 — 5) = 

(c) disk method: 

R(y) = 5 - (y 2 + 1) = 4 - y 2 

=> v = f c ttR 2 (y) dy = f 2 7T (4 - y 2 ) 2 dy 
= v f 2 (l 6 - 8y 2 +y 4 ) dy 
= 7r[l6y-f + ¿] 2 _ 2 = 27 r(32-f + f) 

= 64^(1-| + i) = ^115-10 + 3)=^ 




4 


(b) 


(c) 


(d) 


sheü method: 

V = J> (Xs) (SL) dx = £ 2 ™ (V x - x) dx = 2n£(2x^ - x 2 ) dx = 2n [f x 3 / 2 - f ] * 

= 2*(í-32-¥) = t& 

shell method: 

v =/> (Xs) (c) dx =/ 0 W - x ) (2 >a - x ) dx = 2 *XV /2 - 4x - 2x3/2 + x2 ) dx 

= 2n x 3 / 2 - 2x 2 - f x 5 / 2 + f j 4 = 2 tt (f • 8 - 32 - f • 32 + f) = 64 tt (| - 1 - f + f) 

= 64tt(1-*) = ^ 
shell method: 

V = r 2 ' (-».) te) * = />-*>(»-í) d » = 2*1 (ty - y 2 - y s + í) * 

- 2?r f 0 (4y - 2y 2 + dy = 2 tt ^2y 2 - § y 3 + ^ q - 2n (32 - § - 64 + 16) = 32jr (2 - f + l) = 


32t r 
3 


11. disk method: 


R(x) — tan x, a = 0, b = | =4> V = 7 r / tan 2 x dx = 7r / (sec 2 x — 1) dx = 7r[tan x — x] 0 7 = 


7r/3 _ 24 (3y/3-7r) 


12. disk method: 

V = 7r J g (2 — sin x) 2 dx — tt J g (4 — 4 sin x + sin 2 x) dx = n J g (4 — 4 sin x + '"Tf 2x ) dx 
= 7T [4x + 4 eos x + | - ^] l = 7T [(4tt - 4 + f - 0) - (0 + 4 + 0 - 0)] = tt (f - 8) = § (9tt - 16) 

13. (a) disfc method: 

V = 7r £(x 2 - 2 xf dx = 7r £(x 4 - 4x 3 + 4x 2 ) dx = tt ^ - x 4 + f x 3 2 = tt (f - 16 + f) 

= . ff (6 - 15 + 10) = ^ 

(b) washer method: 

V= J o 7r[l 2 -(x 2 -2x + l)- dx = J^7rdx — J^7r(x — l) 4 dx = 27r— 7r = 27 r — 7 r • | ^ 

(c) shell method: 

v = /> ( r ^j (ü) dx = 27 r X ^ 2 - x > [- ( x2 - 2 x )i dx = 2 n Io ^ 2 - ^ ( 2x - x2 ) dx 
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= 27tJ* (4x — 2x 2 — 2x 2 + x 3 ) dx = 27rJ^ (x 3 — 4x 2 + 4x) dx = 27r 

= f (36 - 32) = f 
(d) washer method: 


^ - 4 x 3 + 2x 2 


= 2tt (4 - f + 8) 


V = 7T [2 — (x 2 — 2x)] 2 dx — 7 rj^ 2 2 dx = Trf g j^4 — 4 (x 2 — 2x) + (x 2 — 2x) 2 
= ttJ o (4 — 4x 2 + 8x + x 4 — 4x 3 + 4x 2 ) dx — 87r = 7r f g (x 4 — 4x 3 + 8x + 4) dx 


dx — 87 t 


87 r 


= 7T ^ - x 4 + 4x 2 + 4x 


1 2 


J o 


- 8tt = 7T (f - 16 + 16 + 8) - 8tt = f (32 + 40) - 8tt = ^ ^ ^ 


14. disk method: 

n/4 

>0 


V = 27r J g 4 tan 2 x dx = 87 r (sec 2 x — 1) dx = 87 r[tan x — x ]^ 4 = 27r(4 — n) 


15. The material removed from the sphere consists of a cylinder 
and two "caps." From the diagram, the height of the cylinder 

is 2h, where h 2 + ^y/3^ = 2 2 , i.e. h = 1. Thus 

V cy i = ( 2 h) 7 r^y/ 3 ^ = 67 r ft 3 . To get the volume of a cap, 

use the disk method and x 2 + y 2 = 2 2 : V cap = f 7 rx 2 dy 

= X tt( 4 - y 2 )dy = 7 T 4y - ¿ j 
= tt [(8 - !) - (4 - |)] = f ft 3 . Therefore, 

Vremoved = V cyl + 2V cap = 6 tT + ^ ^ ft 3 . 



16. We rotate the región enclosed by the curve y = y/12(1 — jfy) and the x-axis around the x-axis. To find the 
volume we use the disk method: V = J 7 rR 2 (x) dx = J 12 (l — 


TTT ) dx = 7T 


SX-&)* 


]2 'f u/X 1 ~ Til) dx = l2lr [ X ~ 3 ®] [ m = 2477 [t - (353) (t) 

3 


= 1327r (1 - i) = ^ = 88 tt « 276 i 


- 11/2 


= 132tt 


i-(A)(T) 


y = x---* r => £ = jx ■'*-jx-'- =» (|) =l(l-2 + x) => L = /‘ v /l + l(J-2 + x)dx 


17. y = x 1 / 2 - :' => | = I x -!/ 2 - i x 1 / 2 = 

=> L = Si\J \ (x + 2 + x) dx = + dx = /j (x-V 2 + x 1 / 2 ) dx = i [2x 4 / 2 + § x 3 / 2 ] 

= i[(4 + 1 f-8)-(2 + l)]=4(2+f) = f 


18. x = y 2 / 3 => ^ = | y 4 / 3 


S0 => L = 


f!f+W d y = f!j 


i + dy 


f 8 v / y i / / 3 + 4 dy = i flV 9 y 2/3 + 4 (y~ 1/3 ) dy; [u = 9y 2 / 3 + 4 => du = óy^ 1 / 3 dy; y = 1 => u = 13, 


y = 8 => U = 40] 


t — _L 
^ — 18 


£° U 1 / 2 du = i [2 u 3/2] « = _L [ 4 0 3/2 _ 13 3/2] ~ 7.534 


19. y = £ x 6 / 5 - | x 4 / 5 => £ = i x 1 / 5 - i x ” 1 / 5 


=> L = 


r \j \ (x 2/s — 2 + x -2 / 5 ) 


dx => L = 


= i (x 2 / 5 - 2 + x“ 2 / 5 ) 


1 (x 2 /5 + 2 + x -2 / 5 ) dx = f J i (x 1 / 5 + x^ 1 / 5 ) dx 
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= (# + x-VS) dx= 1 [| x«/= + | X*/.] f = 1 [(I ■ 2« + 5 • 2<) - (§ + |)] = 1 (f + S) 


— ¿ (1260 + 450) = 


1710 _ 285 
48 — 8 


20 . x = i y 3 + i ^ | = =* (l) 2 = ib 4 -l + ^ =* L = / 1 V 1 + (^y 4 -l + rt d y 

=r v / s ;r +i+^ =r ^(^ 2 + f ) 2 =r(?y 2 +*)«*=- í 


2 

yJ i 


21 - s = J>y\/' + (l) 2 <* I = t¿t 7 =*■ (I)' = ¡¿i =*■ s = ^/í + ^n dx 

= 27r f 0 V 2x + 1 y^síf dx = 2^2 tt X -y/xA 1 dx = 2\f2-K [| (x + 1) 3/2 ] 3 = 2^^ - | (8 — 1) = 


22. s = J^ 2n y y^i + (sí ) 2 dx ; I 


: = x‘ 


= ¡/ o 1 V / r+^d(l+x 4 ) = ¡ [|(l+x 4 ) : 
23- S = />x \/l + (!) a dy; | = 


(i)’ = x 4 ^ S = /> ■ f v/TT^dx = l£ VTTÍÍ (4x 3 ) 

= f k/2-ll 


2_y 

v/4y^r 


1 4- dxV . 4y - y 2 + 4 - 4y + y 2 _ 4 

' y dy J 4y — y 2 4y — y 2 


=> s = 


X 2tt v"4y - y 2 ^ á y = 4?r f dx = 4n 


M. S = />xyi + (|) 2 dy; 1 = 4, => I + (|) 2 = 1 + i = i±i => S = f‘ 2^y - ^ dy 
= 7T f 2 6 yW+í dy = | [| (4y + l) 3 / 2 ] ¡ = | (125 - 27) = ¡ (98) = 


497T 

3 


25. The equipment alone: the forcé required to lift the equipment is equal to its weight =4- F| (x) = 100 N. 

X b p40 

Fi(x) dx = J o 100 dx = [100x]g° = 4000 J; Ihe rope alone: the forcé required 
to lift the rope is equal to the weight of the rope paid out at elevation x =4 F 2 (x) = 0.8(40 — x). The work 


nb n 40 

done is W 2 = Fo(x) dx = 0.8(40 - x) dx = 0.8 

J a J 0 

the total work is W = Wi + W 2 = 4000 + 640 = 4640 J 


40x — \ 


40 


J o 


).8 (4 


= 0.8 ( 40 2 - ^) = (Q - 8)( 2 160Q) = 640 J; 


26. The forcé required to lift the water is equal to the water's weight, which varíes steadily from 8 • 800 Ib to 

8 • 400 Ib over the 4750 ft elevation. When the truck is x ft off the base of Mt. Washington, the water weight is 

F(x) = 8 • 800 • ( 2 ' 2 - 475 o X ) = (6400) 0 - 9 Í 0 ) lb - The work done is W = J' Vlx) dx 


r 4750 / x 

= X 6400 (l — 95 Qo) dx = 6400 
= 22,800,000 ft • lb 


2-9500 


4750 


= 6400 4750 - 


J o 


475o 2 
4-4750 


) = Q) (6400X4750) 


27. Forcé constant: F = kx => 20 = k- l =>• k — 20 lb/ft; the work to stretch the spring 1 ft is 


W = f kx dx = k f x dx 
Jo Jo 

W = X kx dx 


fx dx = 

N> ' 

0 

to|*3 

j> * = 

1 _ 1 

O 

<N 


= 10 ft • lb; the work to stretch the spring an additional foot is 
' = 20( 4 -i)=20(|)=30ft-lb 
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28. Forcé constant: F = kx => 200 = k(0.8) => k = 250 N/m; the 300 N forcé stretches the spring x = | 

X I. 2 n 1.2 

F(x) dx = 250x dx 

= [ 125x 2 ]!- 2 = 125(1.2) 2 = 180 J 


29. We imagine the water divided into thin slabs by planes 
perpendicular to the y-axis at the points of a partition of the 
interval [0, 8]. The typical slab between the planes at y and 
y + Ay has a volume of about AV = 7r(radius) 2 (thickness) 

= 7r (| y)"Ay = ^7 y 2 Ay ft 3 . The forcé F(y) required to 
lift this slab is equal to its weight: F(y) = 62.4 AV 
= (6 ~'|g" 5) Try 2 Ay Ib. The distance through which F(y) 
must act to lift this slab to the level 6 ft above the top is 
about (6 + 8 — y) ft, so the work done lifting the slab is about AW 



-10 10 
Reservóos Cross Section 


(61 16 <25> 7r y 2 (14 — y) Ay ft • Ib. The work done 


lifting all the slabs from y — 0 to y = 8 to the level 6 ft above the top is approximately 


W«£ (6V4)p5) 7ry 2 (14 — y) Ay ft • Ib so the work to pump the water is the limit of these Riemann sums as the norm of 

0 


the partition goes to zero: W — J" g < ' 62 ¡¡¿f 5) 7 ry 2 (14 — y) dy = (6 ' >A ^ 5 ' ,K (I4y 2 — y 3 ) dy = (62.4) (^4) y y 3 — ^ 

= (62.4) (?jf ) (y • 8 3 - f) « 418,208.81 ft • Ib 


30. The same as in Exercise 29, but change the distance through which F(y) must act to (8 — y) rather than (6 + 8 — y). Also 
change the upper limit of integration from 8 to 5. The integral is:W = J (62 ' 4 1 g 25) " y 2 (8 — y) dy 

= (62.4) (^f) fj 8y 2 - y 3 ) dy = (62.4) (%) [| Y 3 - £] * = (62.4) (^) (f • 5 3 - « 54,241.56 ft ■ Ib 


31. The tank's cross section looks like the figure in Exercise 29 withright edge given byx = |¡y= y A typical horizontal 
slab has volume AV = 7r(radius) 2 (thickness) = 7r (|)"Ay = | y 2 Ay. The forcé required to lift thisslab is its weight: 
F(y) = 60 • | y 2 Ay. The distance through which F(y) must act is (2 + 10 — y) ft, so the work to pump the liquid is 

W = 60 J o 7t( 12 — y) \Jj-j dy = 157T ^ = 22,5007r ft * Ib; the time needed to empty the tank is 


22,5007r ft-lb 
275 ft-lb/sec 


257 sec 


32. A typical horizontal slab has volume about AV = (20)(2x)Ay = (20) (2y/16 — y 2 ) Ay and the forcé required to lift this 
slab is its weight F(y) = (57)(20) (2\J 16 — y 2 ) Ay. The distance through which F(y) must act is (6 + 4 — y) ft, so the 

X o _ 

4 (10 — y)(20) (2^/16 — y 2 ) dy 

= 2880 J° 4 10 v / 16-y 2 dy+ 1140/° 4 ( 16 - y 2 ) 1/2 (-2y) dy 

= 22,800 • (area of a quarter circle having radius 4) + | (1140) (16 — y 2 ) 2 ^ = (22,800)(47t) + 48,640 

J 1 J -4 

= 335,153.25 ft • Ib 
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33. Intersection points: 3 - x 2 — 2x 2 => 3x 2 — 3 = 0 

=> 3(x — l)(x +1) = 0 => x = — 1 orx = 1. Symmetry 
suggests that x = 0. The typical vertical strip has 


center of mass 


: (x ,y ) = (x, 


2x 2 + (3 — x 2 
2 


( x ,- 


length: (3 - x 2 ) - 2x 2 = 3 (1 - x 2 ), width: dx, 
area: dA = 3(1— x 2 ) dx, and mass: dm = 8 ■ dA 
= 38 (1 — x 2 ) dx => the moment about the x-axis is 

y dm = § 6 (x 2 + 3) (1 - x 2 ) dx = \ 8 (-x 4 - 2x 2 + 3) dx 



=2x2 


= 1* 


= 38 


-T-^ + 3x 


x- y 


M x = fydm=^ój' i (-x 4 - 2x 2 + 3) 

= 38 (- 1- | +3) = ff (-3 - t°+ 45) = ^ ;M= fdm= 38 /[(l - x 2 ) 
= 68 (l — |) = 4<5 y = ^ = |. Therefore, the centroid is (x, y) = (0, |) . 


■ i 
. -i 


dx 

dx 


34. Symmetry suggests that x = 0. The typical vertical 
strip has center of mass: (3c , y ) = ^x, ^ , length: x 2 , 
width: dx, area: dA = x 2 dx, mass: dm = ó ■ dA = óx 2 dx 


the moment about the x-axis is "y dm = | x 2 • x 2 dx 


= f x 4 dx => 


M x = / y dm = f f x 4 dx 


I -2 



= X 


35. The typical vertical strip has: center of mass: (3c , y 1 ) 

4+ — \ 2 

,, 2 4 I , length: 4 - width: dx, 

area: dA = ^4 — ^dx, mass: dm = 6 • dA 


= *5 ^4 — y j dx => the moment about the x-axis if 
y dm = 8 ■ ^ + 2 ^ ^4 - ^ dx = | ^16 - fg) dx; 


the 



moment about the y-axis is 3c dm = 6 ^4 — ^ • x dx = 8 ^4x — ^ dx. Thus, M x = f r y dm = | ^16 — 

= f [l6x-54]o = f [64-f] = I f í ;M y = /xdm = <5/ o 4 (4x-^) dx =8 
= 5(32 - 16) = 165; M = / dm = 8 J^4 - f) dx = 8 [4x * = 8 (16 - |) = 


h dx 


2x 2 - fe 


64 3 _ 32Ó 

3 


M t 


X = ñt - W = \ and y = fí = yü = y • Therefore, the centroid is (x, y) = (§, f). 


36. A typical horizontal strip has: 

center of mass: ("x ,)f ) = y^ ,yj . length: 2y — y 2 , 

width: dy, area: dA = (2y — y 2 ) dy, mass: dm = 8 ■ dA 
= 8 (2y — y 2 ) dy; the moment about the x-axis is 
■y dm = 8 ■ y ■ (2y — y 2 ) dy = 5 (2y 2 — y 3 ); the moment 
about the y-axis is'x dm = 8 ■ ^ • (2y — y 2 ) dy 

= f (4y 2 - y 4 ) dy => M x = / y dm = 5 f \ 2y 2 - y 3 ) dy 


= 8 


2 v 3 _ t 
34 4 



= ¿ (f • 8 - f ) = 5 (f - $ ) = = f ; M y = fx dm = f fi(4y 2 - y 4 ) dy 


4 ,,3 


y - 


= I (¥-¥) = W ; M = /dm = 5/ o 2 (2y-y 2 )dy =5 
y = ^ = = 1. Therefore, the centroid is (x, y) = (|, l) . 


J o 


= 5(4-|) = f 


My _ ¿.32-3 _ 8 

X - M ~ TT64 - 5 anC1 
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37. A typical horizontal strip has: center of mass: (x ,y ) y 

= ^ y2 ~^ 2y , y) , length: 2y — y 2 , width: dy, 2 ^,*!*g&* 

area: dA = (2y — y 2 ) dy, mass: dm = 6 ■ dA 
— (1 + y) (2y — y 2 ) dy => the moment about the 

x-axis is y dm = y( 1 + y) (2y — y 2 ) dy __ 

= (2y 2 + 2y 3 - y 3 - y 4 ) dy 

= (2y 2 + y 3 — y 4 ) dy; the moment about the y-axis is 

x dm = (¿±2y) (1 + y) (2y - y 2 ) dy = ¡ (4y 2 - y 4 ) (1 + y) dy = \ (4y 2 + 4y 3 - y 4 - y 5 ) dy 


x dm = 


Mx = /y dm=/ o 2 (2y 


2 + y 3 - y 4 


)dy=[fy 3 + £-fl* = ( 


16 , 16 32 


) = 16(| + i-|) 


= ^(20+ 15-24)= ^(11)= ^;M = 


/ X dm = £\ (4y 2 + 4y 3 - y 4 - y 5 ) dy = i [| y 3 + y 4 - ¿ f 


= +2 4 ~f-í) =4(1+2-1-¡) =4(2^1) = f;M= / dm = (1 + y) (2y - y 2 ) dy 

= J>y + y 2 -y 3 )<ly = [y 3 + í-í]“ = (4+!-¥) = l =4 x = $ = (¥) (!) = f and y = $ 

= (fl)(t) = 5ü = Iü - Therefore, the center of mass is (x, y) = (|, |¿) . 

38. A typical vertical strip has: center of mass: ('x ,'y ) = (x, 2 J 75 ) > length: -fy , width: dx, area: dA = dx, 

mass: dm = 6 ■ dA = 6 ■ ^ dx => the moment about the x-axis isy" dm = - 6 J /7 dx = ^ dx; the moment about 

the y-axis is3t dm = x • 6 ^ dx = dx. 

(a) M x = 6 fj (£) dx = f [- el] ° = f> ; M y = «5 £ x (^) dx = 36 [2x 4 / 2 ] \ = 126; 


M = 6/;^dx=-66[x- 4/2 ]; = 46 =* x = ^ f = 3 and y = £ = If 1 = | 

(b) M x = fj ( |) dx = f [- i] ¡ = 4; M y = £ x 2 (J ? ) dx = [2x 3 / 2 ] ¡ = 52; M = £ x (^) dx 

= 6[xV 2 ]J = 12^x=t = ¥andy=t = l 


39. F = £w ■ • L(y) dy =» F = 2 £(62.4)(2 - y)(2y) dy = 249.6 £(2y - y 2 ) dy = 249.6 [y 2 - ¿ 

= (249.6) (4 - f) = (249.6) (§) = 332.8 Ib 

f = f‘w - -L (y) í,4f= f ’ "75 (| - y) (z y + 4 ,,i y = 75 £'£ y + ¥ - 2y 2 - 4 y ) d y 

= 75 /;'■(f - ? y - 2 y>) dy = 75 [y y - g y 2 — 1 y 3 ] - (75) [(§) - (D (!) - (1) (Ü)] 


= ( 75 ) ( 


25 175 250 


) = (drie) ( 25 ' 216 - 175 • 9 - 250 • 3) = 


_ (751(3075) 
9-216 


118.631b. 


41 - F = X W • (depth) • L(y) dy => F = 62.4 f o (9 - y) (2 • f) dy = 62.4 f g (9y 4 / 2 - 3y 3 / 2 ) dy 
= 62.4 [6y 3 / 2 - \ y 5 / 2 ] * = (62.4) (6 • 8 - § - 32) = (^) (48 • 5 - 64) = (624 f 76) = 2196.48 Ib 


42. Place the origin at the bottom of the tank. Then F — J W • ^ ^ p h j • L(y) dy, h = the height of the mercury column, 

strip depth = h — y, L(y) = 1 => F = 849(h — y) 1 dy = (849) J (¡ (h — y) dy = 849 hy - £ = 849 (^lr — ^ 
= ^h 2 . Now solve ^h 2 = 40000 to get h « 9.707 ft. The volume of the mercury is s 2 h = l 2 • 9.707 = 9.707 ft 3 . 
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CHAPTER 6 ADDITIONAL AND ADVANCED EXERCISES 

1. V = 7r J* [f(x)] 2 dx = b 2 — ab => 7r J* [f(t)] 2 dt = x 2 — ax for all x > a =>■ ti [f(x)] 2 = 2x — a => f(x) = ^ 2x ~ a 

2. V = 7r J o ”[f(x)] 2 dx = a 2 + a => tt £ [f(t)] 2 dt = x 2 + x for all x > a 7r[f(x)] 2 = 2x + 1 =» f(x) = \J 

3. s(x) = Cx => £ y/l + [f'(t)] 2 dt = Cx => y/l + [f'(x)] 2 = C => f'(x) = \/C 2 - 1 for C > 1 

=S> f(x) = £ Ve 2 - 1 dt + k. Then f(0) = a => a = 0 + k =s> f(x) = £ a/C 2 - 1 dt + a => f(x) = x\/C 2 - 1 + 
where C > 1. 

4. (a) The graph of f(x) = sin x traces out a path from (0,0) to (a, sin a) whose length is L = y/ 1 + eos 2 9 dd. 

The line segment from (0,0) to (a, sin a) has length y/ {a — O) 2 + (sin a — O) 2 = y/a 2 + sin 2 a. Since the 
shortest distance between two points is the length of the straight line segment joining them, we have 
immediately that + eos 2 6 d6 > y/ a 2 + sin 2 a if 0 < a < 

(b) In general, if y = f(x) is continuously differentiable and f(0) = 0, then J o y/l + [f'(t)] 2 dt > y/a 2 +f 2 (a) 
for a > 0. 


5. We can find the centroid and then use Pappus’ Theorem to calcúlate the volume, f(x) = x, g(x) = x 2 , f(x) = g(x) 


? 9 

=> X = X a => X a 


x = 0=>x = 0, x=l;<5=l;M=J^ [x — x 2 ]dx = [|x 2 — ^x 3 ]* = — 0 = \ 


2 3 JO V 2 3 / w — 6 

x = “ x2 l dx = 6 l !^ 2 ~ x3 l dx = 6 [l x3 - í x4 ]() = 6 G - í) ^ 0 = \ 

y = 176/o \ [ x2 - ( x2 ) 2 ] dx = 3 / 0 I x2 - x 1 dx = 3 [I x3 - 3 xS ]¡ = 3 G - 5 ) - 0 = I =* The centroid is (I, |). 
p is the distance from (\, |) to the axis of rotation, y = x. To calcúlate this distance we must find the point on y = x th 
also lies on the line perpendicular to y = x that passes through (^, . The equation of this line isy — | = — 1 (x — 

=> x + y = jq. The point of intersection of the lines x + y = and y = xis(^, ^). Thus, 

» = v'f* - + (é - i) 2 = v = Msfe)® = S73- 


6. Since the slice is made at an angle of 45°, the volume of the wedge is half the volume of the cylinder of radius ^ and 


height 1. Thus, V = | tt (|)~(1) 


7. y = 2y/x => ds = yj\ + 1 dx => A = £ 2y/x yj \ + 1 dx = | [(1 + x) 3 / 2 ] = f 


8. This surface is a triangle having a base of 27ra and a height of 27rak. Therefore the surface area is 
i (27ra)(27rak) = 27r 2 a 2 k. 


d 2 x 

dt 2 


= a = — => v = ^ = A 

m dt 3m 


F = ma = t 2 => 

x = 0 when t = 0 =>■ Ci=0 => x = 

ní\2 mli) 1 / 4 n 

W = / Fdx = J„ F(t) - ^ dt = J o 


r 

12m 
(12mh) li/4 


C; v = 0 when t = 0 => C = 0 => f = ^ 
Then x = h => t = (12mh) 1 / 4 . The work done is 


o 


¿ dt = ¿ 


r .61 (^ mh ) 1 /' 1 


3m 


3m 


= (ts=) (12mh)6/4 


(12mh) 3 / 2 

18m 


= 12mh -v / i^nh = 2h . 2 ^/3mh = f y/^h 


=> x = 


12m 


C i; 
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10. Converting to pounds and feet, 2 lb/in = • yy = 24 lb/ft. Thus, F = 24x => W = / 24x dx 

= [12x 2 ] £ = 3 ft • Ib. Since W = | niVg — | mv 2 , where W = 3 ft • Ib, m = (A Ib) ( 32 f¿/ sec 2 ) 

= slugs, and vi = 0 ft/sec, we have 3 = (i) (v 2 ) => Vq = 3 • 640. For the projectile height, 
s = — 16t 2 + v 0 t (since s = 0att = 0) => A = v = —32t + v 0 . At the top of the ball's path, v = 0 => t = ^ 
and the height is s = -16 (||) 2 + v 0 (j§) = g| = = 30 ft. 


11. From the symmetry of y = 1 — x n , n even, about the y-axis for — 1 < x < 1, we have x = 0. To find y = yy, we 
use the vertical strips technique. The typical strip has center of mass: Cx , y 1 ) = (x, 1 ~ x " ) , length: 1 — x n , 
width: dx, area: dA = (1 — x”) dx, mass: dm = 1 - dA = (1 — x") dx. The moment of the strip about the 


x-axis is 'y dm = 

= 1 2,1 


1 - x”) 


dx 


M x = 


P, dx = 2/; 1 (1 - 2x- + x*) dx = [x - fp + ip] 


2n+1 -| 1 
0 


2 

n+1 


_ _ (n + l)(2n + 1) - 2(2n + 1) + (n + 1) _ 2n 2 + 3n + 1 -4n-2 + n+ 1 _ 2n 2 

2n + 1 (n + l)(2n +1) (n + l)(2n +1) (n + l)(2n + 1) 


Also, M = /‘dA = fjl - x”) dx = 2 £( 1 - x") dx = 2 [x - ¿ = 2 (l- fe) = ^ Therefore, 

(0, 2n '^ , ) is the location of the centroid. As n 


77 _ Mj 2n 2 

J M (n+l)(2n+l) 


(n+1) 


2n 2n + 1 

the limiting position of the centroid is (0, |) . 


oo, y 


i so 


12. Align the telephone pole along the x-axis as shown in the 
accompanying figure. The slope of the top length of pole is 

fe ~ so) = -L . A. 1145 — 91= 5 - 5 = 11 Thus 

40 8tt 40 87T-40 877-80 ' 

y = h + 8 T §0 x = h ( 9 + 85 x ) is an equation of the 

line representing the top of the pole. Then, 

M y ~ / x-7ry 2 dx = 7rj o x [¿ (9 + x)] “ dx 

r»40 o pb 

= 6 hJo x ( 9 + ls x )fe x:M = / ^y 2dx 

J »40 P n40 p 

o [fcf ( 9 + 80 x )] ' dx = m Jo ( 9 + 80 X )~ dx - Thus ’ X 



(«fe) 


(«'fe) 


_ My 
v — —L 


129,700 


23.06 (using a calculator to compute 


M 5623.3 

the integráis). By symmetry about the x-axis, y = 0 so the center of mass is about 23 ft from the top of the pole. 


13. (a) Consider a single vertical strip with center of mass Cx ,y ). If the píate lies to the right of the line, then 

the moment of this strip about the line x = b is (x — b) dm = (x — b) ó dA => the plate's first moment 
about x = b is the integral / (x — b)£ dA — f 6x dA — J 6b dA = M y — bíA. 

(b) If the píate lies to the left of the line, the moment of a vertical strip about the line x = b is 

(b — x ) dm = (b — x ) 6 dA =)> the plate's first moment about x = b is / (b — x)6 dA = f b6 dA — f 6x dA 

= bóA - M y . 

14. (a) By symmetry of the píate about the x-axis, y = 0. A typical vertical strip has center of mass: 

Cx ,y ) = (x, 0), length: 4£ax, width: dx, area: 4^/ax dx, mass: dm = 6 dA = kx • 4£ax dx, for some 

proportionality constant k. The moment of the strip about the y-axis is M y = fx dm = / 4kx 2 y/ax dx 
= 4ky/a £ x 5 / 2 dx = 4k£á [= x 7 / 2 ] ¡ = 4ka 7 / 2 • § a 7 / 2 = fe . Also, M = / dm = £ 4kx£áx dx 
= 4ky/a £ x 3 / 2 dx = 4k^a [§ x 5 / 2 ] ¡ = 4ka 7 / 2 • § a 5 / 2 = fe . Thus, x=^ = fe-fe = fa 
=> (x, y) = ( y, 0) is the center of mass. 

(b) A typical horizontal strip has center of mass: Cx ,y ) = ^ ^ a 4d ,yj , length: a — y , 

width: dy, area: ^a — dy, mass: dm = 6 dA = |y| ^a — ^ dy. Thus, M x = f y' dm 

= f j lyi ( a - £) d y = fl~y 2 ( a - i) d y + Cy 2 ( a - £) d y 
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y 

20a 


+ 


* y 3 - 

3 ^ 20a 


= L(-‘f + í) ly + £ '(‘f - í) “y = [- i y 3 + 

= -¥ + Sí + ¥ - ’M = 0;M, = /x dm = £“(¿±44) |y| («-.£) tiy 
= 5 /_„lyl (y 3 + 4a 2 ) (AA) <!y= ¿ / lyl ( 16 a 4 - y 4 ) dy 


1 2a 
0 


1 

32a 2 


8a 4 y 2 + 


—2a 


+ 


32a 2 


= é lj~ 16a4 y + y 5 ) d y + ¿J, ‘(^y - y 5 ) d y 

= 32 a 2 [ 8a4 ' 4a2 - 6J f \ + ¿ [ 8a4 • 4a2 - 6 -f\ = (32a 6 - iJ f) = ■ | (32a 6 ) 

M — f dm — fj y| (^) dy=¿ /_Jy| (4a 2 - y 2 ) dy 
/_ 2a (- 4a2 y + y 3 ) dy + ¿ f 0 (4a 2 y - y 3 ) dy 


4..2 


8a y 


_ 4 4. 
— 3 a , 


4a J-o, 


4a 


-2a 2 y 2 + *- 


-2a 


4a 


2a y - \ 


J o 


¡r d (2a 2 ■ 4a 2 - yp) = ¿ (8a 4 - 4a 4 ) = 2a 3 . Therefore, x = ^ = (f a 4 ) (¿r) = y and 


— 2 - — 

L 4a 


y = y? = 0 is the center of mass. 


15. (a) On [0, a] a typical vertical strip has center of mass: ('x , y ?) = (x, ^ ~~ x2 \ ^ ~ ^ , 

length: y^b 2 — x 2 — \/a 2 — x 2 , width: dx, area: dA = (y^b 2 — x 2 — y/a 2 — x 2 ^ dx, mass: dm = <5 dA 
= ó (\/b 2 — x 2 — \/a 2 — x 2 ^ dx. On [a, b] a typical vertical strip has center of mass: 

(x , y ) = (x, ^ 2 " x ~ ) , length: ^b 2 — x 2 , width: dx, area: dA = \/b 2 — x 2 dx, 
mass: dm = 6 dA = <5 \/b 2 — x 2 dx. Thus, M x = f y dm 

~ fo 2 (\/b 2 — x 2 + a/ a 2 — x 2 ^ ó (\/b 2 — x 2 — y/a 2 — x 2 ^) dx + X 4 y/b 2 — x 2 ¿ y/b 2 — x 2 dx 
f j> 2 - x 2 ) - (a 2 - x 2 )] dx + f J> 2 - x 2 ) dx = l£(b 2 a 2 ) dx + §£( b 2 - x 2 ) dx 


= f[(b 2 -a 2 )x] a 0 + f 


b 2 x — 4- 


= f x dm 


= f [(b 2 - a 2 ) a] + f [(b 3 - f) - (b 2 a - f) 
= ¡ (ab 2 - a 3 ) + I (f b 3 - ab 2 + f) = f - f = <5 (V^) 5 M y = /' 

— X x <5 (\/b 2 — x 2 — \/a 2 — x 2 ^ dx + X x<5 i/b 2 — x 2 dx 
= 6 X 0 x (b 2 - x 2 ) 1/2 dx - 6 £x (a 2 - x 2 ) 1/2 dx + s£x (b 2 - x 2 ) 1/2 dx 


2 


2 (b 2 — x 2 ) 3/2 

3 


+ 


2 (a 2 — x 2 ) 3/2 


2 (b 2 — x 2 ) 3/2 
3 


f í(b 2 — a 2 ) 3/2 — (b 2 ) 3/2 


+ s - 
^ 3 


0-(a 2 ) 3 


0 - (b 2 - a 2 ) 


ób 3 ¿a 3 _ ¿ (b 3 — a 3 ) _ 


= M x 


We calcúlate the mass geometrically: M = 6A = ¿(yp^ — ¿ (y^) = y (b 2 — a 2 ). Thus, x = ^ 


s (b 3 - a 3 ; 


4 _ 4_ 

6 tt (b 2 — a 2 ) 37r 


( b : ‘ — a 3 ± (b — a) (a 2 + ab + b 2 ) 4(a 2 + ab4-b 2 ) . • 

£ b^ — a 2 y 3 tt (b — a)(b + a) — 3^iaa-M , nKewise 


37r(a + b) 


V — Mx __ 4 (a 2 4-ab+b 2 ) 
' M 37r(a+b) 


( b ) b V a SF (= (sf) (VfV) = (sf) (f) = ¥ =► (x,y) = (f, f) is the limiting 

position of the centroid as b —► a. This is the centroid of a circle of radius a (and we note the two circles 
coincide when b = a). 
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16. Since the area of the traingle is 36, the diagram may be 
labeled as shown at the right. The centroid of the triangle is 
(|, ^) ■ The shaded portion is 144 — 36 = 108. Write 
(x, y) for the centroid of the remaining región. The centroid 
of the whole square is obviously (6, 6). Think of the square 
as a sheet of uniform density, so that the centroid of the 
square is the average of the centroids of the two regions, 
weighted by area: 

36(f) + 108(x) _ 36(^)+108(y) 

b - 144 and b - 144 

which we solve to get x = 8 — | and y = 8 ^ d a — . Set 

x = 7 in. (Given). It follows that a = 9, whence y = y 



= 7 i in. The distances of the centroid (x, y) from the other sides are easily computed. (Note that if we set y = 7 in. 


above, we will find x = 7*.) 


17. The submerged triangular píate is depicted in the figure 
at the right. The hypotenuse of the triangle has slope -1 
=> y — (—2) = — (x — 0) => x = —(y + 2) is an equation 
of the hypotenuse. Using a typical horizontal strip, the fluid 

pressure is F = / (62.4) • ) • ( le s ^) dy 

= // 6 2 (62.4)(-y)[-(y + 2)] dy = 62.4 f j y 2 + 2y) dy 
= 62.4 + y 2 ] J = (62.4) [(- | + 4) - (- ^ + 36)] 

= (62.4) - 32) = (624 f 13) « 2329.6 Ib 



18. Consider a rectangular píate of length í and width w. 
The length is parallel with the surface of the fluid of 


weight density oj. The forcé on one side of the píate is 

F = üj f° (~y)(£) dy = -ul \ Ú ° = ^ . The 
w L J —w 

average forcé on one side of the píate is F av = í£ (-y)dy 



UJ ™ . Therefore the forcé 



— (^ w ) — (the average pressure up and down) • (the area of the píate). 
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NOTES: 
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